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Abstract
Black hole entropy of the Kerr-like family of spacetimes is introduced as the canon-
ical charge on horizon. Treating these spacetimes in the framework of Poincare´ gauge
theory either as Riemannian solutions or as solutions with torsion, it is shown that
these geometrically different setups lead to the same black hole entropy.
1 Introduction
In general relativity (GR), black hole entropy can be classically interpreted as the Noether
charge on horizon [1, 2]. In an attempt to explore the notion of entropy in Poincare´ gauge
theory (PG) [3, 4, 5], where both the torsion T i and the curvature Rij define the gravitational
dynamics, we used a Hamiltonian formulation of this idea to introduce a generalized concept
of black holes entropy [6]. The result was successfully applied to several exact solutions of
PG, belonging to the family of spherically symmetric solutions with or without torsion.
Kerr spacetime [7, 8, 9, 10, 11, 12] is a static and axially symmetric solution of GR
with a vanishing effective cosmological constant λ, which has played an important role in
understanding dynamical features of black holes in GR [2]. In the present paper, we extend
our Hamiltonian approach to the study of entropy of Kerr-like spacetime, the spacetime
with Kerr metric which is either a torsionless or a solution with torsion of the general
(parity preserving) PG, including the teleparallel theory of gravity (TG) as its subcase.
The analysis of these two cases clarifies how different geometric setups, characterized by the
absence or presence of torsion, affect black hole entropy, and moreover, it offers a deeper
insight into the Hamiltonian description of black hole entropy.
The paper is organized as follows. In section 2, we review basic aspects of PG and
the Hamiltonian approach to black hole entropy. In section 3, we introduce the tetrad
formulation of the Kerr geometry, needed in the Hamiltonian treatment of entropy. In
section 4, we use this formalism to study entropy (and conserved charges) of Kerr black
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hole treated as a Riemannian solution of PG. In section 5, the analysis is extended to Kerr
black holes with torsion. In particular, we discuss the status of Kerr-like solutions with
λ = 0 in PG. Finally, section 6 is devoted to a discussion of the results.
Our conventions are the same as in Ref. [6]. Latin indices (i, j, . . . ) refer to the local
Lorentz frame, greek indices (µ, ν, . . . ) refer to the coordinate frame, bi is the orthonormal
coframe (tetrad 1-form), hi is the dual basis (frame), such that hi b
k = δki , and the Lorentz
metric is ηij = (1,−1,−1,−1). The volume 4-form is ǫˆ = b0b1b2b3, the Hodge dual of a
form α is ⋆α, with ⋆1 = ǫˆ, and the totally antisymmetric symbol εijmn is normalized to
ε0123 = +1. The exterior product of forms is implicit.
2 General formalism
We begin by giving a short account of PG and reviewing basic aspects of the Hamiltonian
approach to black hole entropy introduced in Ref. [6].
Basic dynamical variables of PG are the tetrad fieldd bi and the antisymmetric spin
connection ωij (1-forms), the corresponding field strengths are the torsion T i = dbi + ωikb
k
and the curvature Rij = dωij+ωikω
kj (2-forms), and the underlying structure of spacetime is
described by a Riemann-Cartan geometry [3, 4, 5]. In the absence of matter, gravitational
dynamics of PG is determined by the gravitational Lagrangian LG(b
i, T i, Rij) (4-form),
which is assumed to be at most quadratic in the field strengths and parity invariant,
LG = −⋆(a0R + 2Λ) + T i
3∑
n=1
⋆(an
(n)Ti) +
1
2
Rij
6∑
n=1
⋆(bn
(n)Rij) , (2.1)
where (a0, Λ, an, bn) are the coupling constants, and
(n)Ti,
(n)Rij are irreducible parts of the
field strengths, see, for instance, Ref. [6]. The gravitational field equations in vacuum are
obtained by varying LG with respect to b
i and ωij. After introducing the covariant momenta,
Hi = ∂LG/∂T
i and Hij = ∂LG/∂R
ij , and the corresponding energy-momentum and spin
currents, Ei = ∂LG/∂b
i and Eij = ∂LG/∂ω
ij , these equations can be written in a compact
form as [4, 5]
δbi : ∇Hi + Ei = 0 , (2.2a)
δωij : ∇Hij + Eij = 0 . (2.2b)
Recently [6], we proposed a general Hamiltonian approach to black hole entropy in PG.
The approach is based on the existence of the canonical gauge generator G, defined as an
integral over the spatial section Σ of spacetime. Since G acts on the phase-space variables
via the Poisson bracket operation, it should have well-defined functional derivatives. This
property can be ensured by adding to G a suitable surface term Γ, an integral over the
boundary of Σ, such that the improved generator G˜ := G+ Γ is well defined (or regular)
δG˜ ≡ δ(G+ Γ) = R . (2.3)
where R stands for regular.
In case of a black hole spacetime, we assume that the boundary of Σ has two components,
one at infinity and the other at horizon, ∂Σ = S∞ ∪ SH . As a consequence, the boundary
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term Γ has two parts, Γ := Γ∞ − ΓH (the minus sign in front of ΓH reflects the change in
orientation), which are defined by the variational equations [6]
δΓ∞ =
∮
S∞
δB(ξ) , δΓH =
∮
SH
δB(ξ) , (2.4a)
δB(ξ) := (ξ bi)δHi + δb
i(ξ Hi) +
1
2
(ξ ωij)δHij +
1
2
δωij(ξ δHij) . (2.4b)
Here, symmetries of a Kerr spacetime are described by the Killing vectors ξ = ∂t and ∂ϕ,
whereas the Lorentz parameter θij is absent as its presence would not be compatible with
the symmetries defined by ξ, as explained in section 4. The variational procedure is assumed
to satisfy the following requirements:
a1) the variation δΓ∞ is performed over a suitable set of asymptotic states, leaving the
background configuration fixed;
a2) the variation δΓH is performed by varying characteristic parameters of a solution, but
keeping surface gravity constant (the zeroth law of black hole thermodynamics).
If Γ∞ and ΓH are finite solutions of the variational equations (2.4) for a given set of asymp-
totic conditions, Γ∞ is interpreted as the asymptotic charge (energy-momentum or angular
momentum), whereas ΓH defines entropy as the canonical charge on horizon.
In general, explicit form of the entropy term ΓH depends on dynamical properties of
the theory and the specific structure of black hole. For stationary black holes in GR, the
entropy formula takes the standard form
δΓH = TδS , (2.5)
where T = κ/2π is the temperature and S is black hole entropy, given by the area law.
Returning to the regularity condition (2.3), one should note that it can be expressed in
an equivalent form as
δG = −δΓ +R . (2.6)
This formula reveals an important result: the gauge generator G is regular if and only if
δΓ ≡ δΓ∞ − δΓH = 0 , (2.7)
which represents the well-known first law of black hole thermodynamics. Thus:
a3) regularity of the generator G is equivalent to the validity of the first law.
In what follows, the results of the present approach will be used to study dynamical origin
of entropy and the first law in Kerr-like spacetimes.
3 Tetrad form of Kerr geometry
We devote this section to the tetrad formulation of Kerr geometry, which is needed for the
Hamiltonian analysis of entropy [6].
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Kerr metric in Boyer-Lindquist coordinates can be written in the form [11]
ds2 = N2
(
dt+ a sin2 θdϕ
)2
− dr
2
N2
− ρ2dθ2 − sin
2 θ
ρ2
[
adt + (r2 + a2)dϕ
]2
, (3.1a)
where
N2 :=
∆
ρ2
, ∆ := r2 + a2 − 2mr , ρ2 := r2 + a2 cos2 θ . (3.1b)
Since the metric is not singular at r = 0, r is allowed to run over the whole real line. Thus, t
and r belong to the plane R2, ϕ and θ are on the 2-sphere S2, and spacetime is the product
manifold R2 × S2. The metric (3.1) is singular at ∆ = 0 (horizon) and ρ2 = 0 (the ring
singularity), see O’Neill [9].
Kerr metric has two Killing vectors, ∂t and ∂ϕ. For m = 0, it reduces to the Minkowski
form and for a = 0 it takes the Schwarzschild form. The outer horizon is located at the
larger root r = r+ of ∆ = 0,
2mr+ = r
2
+ + a
2 , (3.2)
and the quantity
Ω+ =
gtϕ
gϕϕ
∣∣∣
r+
=
a
2mr+
=
a
r2+ + a
2
(3.3)
is the angular velocity of the horizon with respect to the Minkowski background.
The form of Ω+ ensures that the Killing vector ξ = ∂t − Ω+∂ϕ is a null vector on
the horizon, ξ2 = 0, and normal to it. The surface gravity κ is defined by the relation
∂µξ
2 = −2κξµ. To calculate it, one should make a transformation from the Boyer-Lindquist
coordinates, which are singular at horizon, to the Edington-Finkelstein-like coordinates [10].
The final result is
κ =
r+ −m
2mr+
. (3.4)
The form of the metric (3.1) suggests the following choice for the orthonormal tetrad:
b0 = N
(
dt+ a sin2 θ dϕ
)
, b1 =
dr
N
,
b2 = ρdθ , b3 =
sin θ
ρ
[
a dt+ (r2 + a2)dϕ
]
. (3.5)
The area of the horizon is given by
A =
∫
SH
b2b3 = 4π(r2+ + a
2) . (3.6)
Riemannian connection ω˜ij is defined by the condition of vanishing torsion:
ω˜01 = −N ′b0 − ar
ρ3
sin θb3 , ω˜02 =
a2 sin θ cos θ
ρ3
b0 − aN
ρ2
cos θb3 ,
ω˜03 = −ar
ρ3
sin θb1 +
aN
ρ2
cos θb2 ,
ω˜12 =
a2 sin θ cos θ
ρ3
b1 +
Nr
ρ2
b2 , ω˜13 = −ar
ρ3
sin θb0 +
Nr
ρ2
b3 ,
ω˜23 = −aN
ρ2
cos θb0 +
(a2 + r2) cos θ
ρ3 sin θ
b3 . (3.7)
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The Riemannian curvature Rij = dω˜ij + ω˜ikω˜
kj has a rather complicated form
R01 = 2Cb
0b1 + 2Db2b3 , R23 = −2Cb2b3 + 2Db0b1 ,
R02 = −Cb0b2 +Db1b3 , R03 = −Cb0b3 −Db1b2 ,
R12 = Cb
1b2 −Db0b3 , R13 = Cb1b3 +Db0b2 , (3.8a)
where
C :=
mr
ρ6
(r2 − 3a2 cos2 θ) , D := ma cos θ
ρ6
(3r2 − a2 cos2 θ) . (3.8b)
It has only one nonvanishing irreducible part, (1)Rij = Rij. Form = 0, the curvature vanishes
and Kerr spacetime reduces to the Minkowski form. The quadratic curvature invariant
Rij⋆Rij =
24m2
ρ12
(
r2 − a2 cos2 θ)(ρ4 − 16a2r2 cos2 θ)ǫˆ , (3.9)
exhibits a singularity at ρ2 = 0 (shaped as a ring r = 0, θ = π/2), but not at horizon r = r±.
In fact, a Kerr metric with real r± can be extended from the exterior region r > r+ across
both horizons into r < r−; for more details, see Refs. [9, 10, 12].
4 Kerr black hole in PG
Now, we wish to study Kerr black hole as a torsionless spacetime in the framework of PG.
Since Kerr black hole is Ricci flat, Rick = hi R
ik = 0, it satisfies the GR field equations
with a vanishing cosmological constant, Λ = 0. Relying on the result that all solutions of
GR are also solutions of PG, except for some degenerate cases, see Obukhov [5], one can
conclude that Kerr black hole satisfies also the PG field equations for Λ = 0. A direct proof
is based on the form of the effective PG Lagrangian
LG = −⋆(a0R + 2Λ) + 1
2
b1R
ij⋆Rij , (4.1)
in combination with the field equations (2.2). The effective Lagrangian defines the corre-
sponding covariant momenta as Hi = 0 and
Hij = −2a0⋆(bibj) + b1⋆Rij , (4.2a)
or, in more details:
H01 = −2a0b2b3 + 2b1(2Cb2b3 + 2Db0b1) ,
H02 = 2a0b
1b3 + 2b1(Cb
1b3 −Db0b2) ,
H03 = −2a0b1b2 + 2b1(−Cb1b2 −Db0b3) ,
H12 = −2a0b0b3 + 2b1(Cb0b3 −Db1b2) ,
H13 = 2a0b
0b2 + 2b1(−Cb0b2 −Db1b3) ,
H23 = −2a0b0b1 + 2b1(−2Cb0b1 + 2Db2b3) . (4.2b)
Basic dynamical variables of the Kerr geometry are invariant under the action of the
Killing vectors ξ = ∂t and ∂ϕ, δ0b
i
µ = 0 and δ0ω
ij
µ = 0 (no t and/or ϕ dependence). In the
asymptotic region, this property does not allow any asymptotic Lorentz transformation, so
that θij has to be exactly zero. For Riemannian solutions, the variational equations (2.4)
for Γ∞ and ΓH have to include the condition Hi = 0.
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4.1 Asymptotic charges
Asymptotic charges are obtained from the variational equation for Γ∞, with ξ = ∂t (energy)
and ξ = ∂ϕ (angular momentum), using the normalization 16πa0 = 1.
To calculate energy, we use the asymptotic formulas N = 1 −m/r + O2, (C,D) = O3,
and the relations
b0t = N , b
0
ϕ = Na sin
2 θ , b1t = b
1
ϕ = 0 ,
b3t =
sin θ
ρ
a , b3ϕ =
sin θ
ρ
(r2 + a2) , b2t = b
2
ϕ = 0 ,
to identify the nonvanishing contributions to δΓ∞[∂t] (integration implicitly understood)
δω12H12t = δ
(Nr
ρ2
b2
)[
− 2a0Nb3
]
= 8πa0δm ,
δω13H13t = δ
(Nr
ρ2
b3
)
2a0Nb
2 = 8πa0δm . (4.3)
Summing up, one obtains the energy of Kerr black hole as
E := Γ∞[∂t] = m. (4.4)
As for the angular momentum, we use the asymptotic relations
ω˜01 = −
(a
r
+
ma
r2
)
sin2 θdϕ+O3 ,
ω˜13 =
(
1− m
r
)
sin θdϕ+O2 ,
H01 = −2a0(r2 + a2) sin θdθdϕ ,
H13 = −2a0a(r −m) sin2 θdθdϕ+O1 ,
to calculate the surviving contributions to Γ∞[∂ϕ]:
δω˜01H01ϕ = 2a0
[
rδa+ δ(ma)
]
sin3 θdθdϕ ,
ω˜13ϕδH13 = 2a0
[− rδa+ δ(am) +mδa] sin3 θdθdϕ ,
δω˜13H13ϕ = 2a0
[
aδm
]
sin3 θdθdϕ . (4.5)
Summing up these terms and integrating over S∞, one obtains
δΓ∞[∂ϕ] = 12πa0δ(ma)
∫ 2π
0
sin3 θdθ = 16πa0δ(ma) ,
which yields the value for the angular momentum
J := Γ[∂ϕ] = ma . (4.6)
As a consequence, the asymptotic charge associated to ξ = ∂t − Ω+∂ϕ has the form
Γ∞[ξ] = m− Ω+J . (4.7)
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4.2 Entropy and the first law
Entropy is obtained from the variational equation for ΓH [ξ] with ξ = ∂t − Ω+∂ϕ. Starting
with the relations
ξ b0
∣∣
r+
= N(1− Ω+a sin2 θ) , ξ ba
∣∣
r+
= 0 , (4.8a)
where a = 1, 2, 3, one obtains
ξ Hij = ξ ω
Ac = ξ ω23 = 0 , NN ′ =
r+ −m
ρ2
,
ξ ω01 = −NN ′(1− Ω+a sin2 θ) = −r+ −m
r2+ + a
2
= −κ , (4.8b)
where A = (0, 1), c = (2, 3), and consequently
ξ ω01δH01 = −κδ
[
(−2a0 + 4b1C)(r2+ + a2)
]
sin θdθdϕ . (4.8c)
Then, the calculation of entropy yields
δΓH [ξ] =
∮
H
(ξ ω01)δH01 = 8πa0κδ(r
2
+ + a
2) ,
⇒ δΓH [ξ] = TδS , S = π(r2+ + a2) . (4.9)
The result is obtained by noting that that quadratic curvature contributions to δH01 vanish,
as follows from ∮
SH
Cb2b3 = 2π ,
∮
SH
Db2b3 = 0 . (4.10)
Combining the previous results with the identity [10]
κ
2
δ(r2+ + a
2) = δm− Ω+δJ , (4.11)
one arrives at the standard GR form of the first law:
δΓ∞[ξ] = δΓH [ξ] ⇔ δm− ΩδJ = TδS . (4.12)
4.3 Reduction to GR
Since the quadratic curvature contributions to the asymptotic charges and entropy effectively
vanish, the PG results are directly reduced to the case of GR without any modification.
5 Kerr black hole with torsion
5.1 Chen et al. solution
There exists only one PG solution with Kerr metric and nonvanishing torsion, the solution
constructed by Chen et al. [13]. It is based on a special form of the Lagrangian (2.1),
determined by the following choice of parameters:
(a1, a2, a3) = (a0,−2a0, a3) ,
bn = 0 for n 6= 6 , Λ = 0 . (5.1)
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By adopting an ansatz for torsion defined by only one nonvanishing component,
T 0 := fb0b1 , f := f(r, θ) , (5.2a)
the field equations (2.2) lead to
f(r, θ) =
c0
ρ
√
∆
, (5.2b)
were c0 is an integration constant. A direct calculation of the irreducible parts of the
field strengths yields (3)Ti = 0 and
(3)Rij =
(6)Rij = 0, which implies that the Lagrangian
parameters a3 and b6 are effectively absent from the field equations.
In a detailed analysis of this solution, McCrea et al. [14] concluded, among other things,
that non-uniqueness of the torsion parameter c0 is a serious obstacle to finding a reliable
physical interpretation of the solution. A natural criterion for a solution to be unique is
based on the possibility to relate its integration constants to certain physical characteristics,
like the asymptotic charges, entropy, and so on. However, the situation with Chen et al.
solution is more complicated. Namely, for c0 6= 0, the quadratic torsion invariant
T i⋆Ti =
c20
ρ2∆
ǫˆ (5.3)
is not only non-unique but also singular. The singularity at ρ2 = 0 is of the same type as
the one of the Riemannian curvature (3.9), but the hypersurface ∆ = 0 (r = r±), which is
a potential location of horizon, becomes here a true torsion singularity. The gravitational
singularity without a horizon is known as the naked singularity, where entropy cannot be
even defined. Thus, for c0 6= 0, the Chen at al. solution fails to be physically acceptable.
The only way out from this problematic situation is to require c0 = 0, whereupon the
Chen et al. solution reduces to a Riemannian Kerr black hole in PG, and consequently,
asymptotic charges and entropy take the GR form, as shown in section 4.
The absence of any physically acceptable Kerr-like solution with λ = 0 and nonvanishing
torsion in PG is due to an unusual dynamical mechanism, according to which the curvature
squared terms in LG “produce” a nonvanishing λ, as explained in Ref. [4], section 16. The
absence of this mechanism in the Chen et al. solution is caused by the fact that the only
curvature squared term in LG is the square of
(6)Rij , but (6)Rij vanishes on shell.
5.2 Kerr black hole in teleparallel gravity
Teleparallel gravity is a special case of PG, defined by the condition of vanishing Riemann-
Cartan curvature, Rij = 0 [4]. Choosing the related spin connection to vanish, ωij = 0, the
tetrad field remains the only dynamical variable, and torsion takes the form T i = dbi. For
Kerr spacetime with tetrad (3.5), the torsion components are
T 0 = −N ′b0b1 + a
2 sin 2θ
2ρ3
b0b2 +
2Na cos θ
ρ2
b2b3 ,
T 1 =
a2 sin 2θ
2ρ3
b1b2 , T 2 =
Nr
ρ2
b1b2 ,
T 3 =
2ar sin θ
ρ3
b0b1 +
Nr
ρ2
b1b3 +
(r2 + a2) cos θ
ρ3 sin θ
b2b3 . (5.4)
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All three irreducible parts of T i are nonvanishing.
The general (parity invariant) TG Lagrangian is given by
LT := a0T
i ⋆
(
a1
(1)Ti + a2
(2)Ti + a3
(3)Ti
)
. (5.5a)
Of particular importance for the physical interpretation of TG is the fact that the choice of
parameters
(a1, a2, a3) = (1,−2,−1/2) , (5.5b)
defines the theory known as the teleparallel equivalent of GR, GR‖; for more details see
[3, 4]. This equivalence ensures that every vacuum solution of GR is also a solution of GR‖.
In particular, this is true for Kerr spacetime. In spite of such a dynamical equivalence, the
geometric content of the two theories is quite different: GR is characterized by a Riemannian
curvature and vanishing torsion, whereas the teleparallel geometry of GR‖ has a nontrivial
torsion but vanishing curvature.
Thermodynamic properties of Kerr black hole in GR‖ are determined by the covariant
momentum
H i = 2a0
⋆
(
(1)T i − 2(2)T i − 1
2
(3)T i
)
, (5.6a)
the explicit form of which reads
H0 = 2a0
[
aN cos θ
ρ2
b0b1 − ar sin θ
ρ3
b0b2 +
cos θ
ρ sin θ
b1b3 − 2Nr
ρ2
b2b3
]
,
H1 = 2a0
[
cos θ
ρ sin θ
b0b3 − ar sin θ
ρ3
b1b2
]
,
H2 = 2a0
[
−r −m
Nρ2
b0b3 +
Na cos θ
ρ2
b1b2
]
,
H3 = 2a0
[
a2 sin 2θ
ρ3
b0b1 +
r −m
Nρ2
b0b2 +
Na cos θ
ρ2
b1b3 − ar sin θ
ρ3
b2b3
]
. (5.6b)
5.2.1 Asymptotic charges
In the calculation of δΓ∞[ξ], the variational operator δ should not act on the background
configuration, as specified in section 2, rule a1). For the Kerr metric, the background
configuration is defined by m = 0, and it has the form of the Minkowski spacetime M4,
described in terms of some unusual coordinates that depend on the parameter a [10]. Hence,
the variation δ should not be applied to those a’s that correspond to M4. The simplest way
to realize this requirement is by using an equivalent procedure: first formally apply δ to all
a’s, then remove m-independent terms, stemming from the variation of M4.
The energy of the teleparallel Kerr solution is obtained from just one nonvanishing term:
δΓ∞ =
∮
S∞
b0tδH0 = 16πa0δm , (5.7a)
⇒ E := Γ∞ = m. (5.7b)
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Concerning the angular momentum, the formal variation over a and m yields the follow-
ing nonvanishing terms:
∮
S∞
b0ϕδH0 =
32πa0
3
aδm ,
∮
S∞
δb0H0ϕ =
32πa0
3
[
−r∞δa× + δ(am) +mδa
]
,
∮
S∞
b3ϕδH3 =
16πa0
3
[
2r∞δa× − δ(am)
]
. (5.8)
Here, the underlined terms are divergent. However, since they are m-independent and
consequently, associated to the variation ofM4, their contribution should be simply omitted.
The sum of the remaining terms yields the finite angular momentum:
δΓ∞[∂ϕ] = 16πa0δ(am) , (5.9a)
⇒ J := Γ∞[∂ϕ] = ma . (5.9b)
Thus, the conserved charge defined by the Killing vector ξ = ∂t − Ω+∂ϕ reads
Γ∞[ξ] = m− Ω+J . (5.10)
5.2.2 Entropy and the first law
The entropy of the teleparallel Kerr black hole can be computed from the following surviving
contributions to δΓH :
δb2(ξ H2) = 2a0
r+ −m
2mr+
(δb2)b3 ,
δb3(ξ H3) = 2a0
r+ −m
2mr+
b2(δb3) , (5.11)
where we used
1− Ω+a sin2 θ
r2+ + a
2 cos2 θ
=
1
2mr+
.
As a consequence,
δΓH = 2a0κ
∮
δ(b2b3) =
κ
2
δ(r2+ + a
2) . (5.12a)
⇒ δΓH = TδS , S = π(r2+ + a2) . (5.12b)
The above results, combined with the identity (4.11), imply the validity of the first law:
TδS = δm− Ω+δJ . (5.13)
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6 Concluding remarks
In this paper, we used the Hamiltonian approach developed in Ref. [6] to investigate entropy
and the first law of black hole thermodynamics of Kerr-like spacetimes. Analyzing two
possible cases, we found the results that coincide with those in GR.
Case A: Kerr spacetime can be understood as a Riemannian solution of PG. In that
case, the contribution of the quadratic curvature term in LG to entropy effectively vanishes.
Hence, entropy is determined as in GR—by the only remaining term, the scalar curvature.
Case B: Kerr black hole with torsion is treated as a solution with Kerr metric and
nonvanishing torsion in PG/GR‖. First, we analyzed the Chen et al. solution of PG
[13]. The singularity of its quadratic torsion invariant is shown to be a naked singularity,
which can be avoided only by choosing the torsion function to vanish. Thus, it is only the
Riemannian version of the solution that has an acceptable physical interpretation. Second,
we studied Kerr spacetime as a solution of GR‖, where torsion is the only nonvanishing field
strength. The Hamiltonian approach offers a simple dynamical mechanism to explain how
Cartan’s torsion can produce an amount of black hole entropy that is exactly the same as
in GR. In view of the dynamical equivalence of GR and GR‖, this result is not a surprise.
Moreover, it represents a consistency test of the present approach to entropy.
The entropy of these Kerr-like solutions follows the pattern of spherically symmetric
solutions studied in Ref. [6]: up to a possible multiplicative constant, black hole entropy and
asymptotic charges are of the standard GR form. Why is that so? In an attempt to better
understand dynamical meaning of our results, we noticed an interesting counterexample, the
Banados-Teitelboim-Zanelli black hole with torsion in three-dimensional gravity [15]. The
Lagrangian is constructed not only from the field strengths but includes also a Chern-Simons
term. It is exactly this parity-violating term that modifies asymptotic charges and entropy
with respect to their GR values: energy, angular momentum and black hole entropy become
linear combinations of the integration parameters m and J , but the first law remains valid.
Such a situation naturally suggests to explore possible influence of the parity-violating terms
in PG, see for instance [16], on the form of black hole entropy.
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